Lecture 7: Derivatives of trig functions and chain rule

September 28, 2016 8:30 PM

For example:

f(x) = sin(x)
sin(x + h) — sin(x)

feo=n
- sin(x) cos(h) + cos(x) sin(h) — sin(x)

h
h_ <(sin(x))(cos(h) —1) cos(x) sin(h)>
| +
h—0 h h

-0
= lim

(_mg\epcnderﬂ’ 0( h
_ <sin(x) cos(h) — 1> < ~ cos(x) sin(h))
= lim +( lim ——
h h—-0 h

h—0
cos(h) — 1 _sin(h)
+ cos(x)’lllm

L : wo‘%\oe"‘\ox
0 1 “w

= sin(x) ’lll_rf(l)

= cos(x)

Therefore:

(sin(x))" = cos(x) (cos(x))" = —sin(x) y

For tan(x) we have the following: N 03(\ ‘U\i\/
sin(x) &

tan(x) = cos(x) /\'/S
sin(x)\’ (sin(x))" * cos(x) — sin(x) * (cos(x))’

(tan(x))" = =

<cos(x)> cos?(x)

_ (cos(x))? — (—(sin(x))?) 1

cos?(x)  cos2(x)

=, (tan(x))" =

~ cos2(x)

= sec?(x)

Other important derivatives:

— (sec(x)) = sec(x) * tan(x)
dx

d
o (cot(x)) = —csc?(x)

Example:
sec(x)
= v herd rule
f= 1+ tan(x) q°°
1) = sec(x) * tan(x) * (1 + tan(x)) — sec(x) * sec2(x)

(1 + tan(x))?
_ sec(x) (tan(x) + tan?(x) — sec?(x))
B (1 + tan(x))?

B sec(x) (tan(x) — 1)

(1 + tan(x))? ek Y;\lf(,* )
Co
Example: Factor out 3% for ¢
" sin(3x) _ sin(3x) i sin(3x) i 1
= = *
X0 53 — 4x x‘i’%3x<5_x2_g) 20 3x  xo05x% 4
3 3 — 3 3
—0
1 3 1
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Chain Rule

For more complex functions, we use the chain rule to differentiate them.
Definition from textbook:

If g is differentiable at x and f is differentiable at g(x), then the composite function
F=f > g is defined by F(x)=f(g(x)) is differentiable at x and F'is given by the product.
F'(x)=f"(g(0)) - g' &)

In Leibniz notation:

dy dy du

dx du dx

Examples:

F(x) =+/x?+1

letu =x%+1landy = Vu.
, dy du
F(X)—a*a

1 1

= — 2

2u * 2%

-

Vu

X
xZ2+1

f(x)=+vVe*+x
letw=e*+x and u=+w
, du dw
o) = 2o e 2

dw dx
1 1
=ow 2% (e¥*+1)
_ex+1

2yw

e*+1

2Ve*X +x

f(x) = sin(x® + 3)
f'(x) = cos(x® + 3) * 3x?2
= 3x2 cos(x3 + 3)

flx) = Cos(x% +7)

f'(x) =— Sin(x% + 7) * %x_%
1

B sin(xf + 7)

2Vx

f(x) =tan(2x + 1)
f'(x) =sec?(2x + 1) * 2

f(x) =tan(2x + 1) * (7x — 3)
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f'(x) =sec?(2x + 1) * 2 x (7x —3) +tan(2x + 1) * 7
= (14x —3)sec?(2x + 1) + 7tan(2x + 1)

flx) = e

Letu = e¥and v = 2x
du du dv

dx  dv * dx
=eVx2

= 2e?*

f(X) = 4% = (eln4)x

f(x) = e*™ xIn4

x3 +3 %%Uo'hﬂl\‘}" rule first

) = ——
! V2x% —1 )

, 3x2(V2x2 - 1) — (x®* + 3) *%* (2x%? = 1)z x 4x
f1e) = L a1

2x(x® + 3)

3x2V2x2 — 1 -2/

_ V2x2 —1
2x%2 -1

f(x) = (x® —1)100
f'(x) = 100(x> — 1)99 % 5x*
= 500x* (x> —1)*°

Lectures Page 3



